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An optimal experiment design assumes the existence of an initial or nominal process
model. The efficiency of this procedure depends on how the initial model is chosen.
This creates a practical dilemma as estimating the model is precisely what the experi-
ment tries to achieve. A novel approach to experiment design for identification of non-
linear systems is developed, with the purpose of reducing the influence of poor initial
values. The experiment design and the parameter estimation are conducted iteratively
under a receding-horizon framework. By taking steady-state prior knowledge into
account, constraints on the parameters can be derived. Such constraints help reduce
influence of poor initial models. The proposed algorithm is illustrated through exam-
ples to demonstrate its efficiency. © 2010 American Institute of Chemical Engineers AIChE
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Introduction

Optimal experiment design aims at determining optimal
experiment conditions to achieve a specific set of objectives.
Experiment design is a broad subject that includes aspects
such as input design, operating point design, and sampling
time design. Although a significant amount of literature on
optimal experiment design for linear systems has been pub-
lished since the 1970s," the optimal experiment design con-
cerning nonlinear systems has remained largely unexplored.

One significant challenge for nonlinear experiment design
as well as parameters identification is that the sensitivity
functions used to search for optimal conditions depend on
the unknown model parameters. Three existing methods
have been proposed to address this challenge: minimax
experiment design, ED (expectation of determinant)/EID (ex-
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pectation of the inverse of determinant)-optimal design, and
adaptive experiment design.

Minimax experiment design attempts to achieve robust
experiment by minimizing the largest possible modeling
error. This approach needs no prior information about pa-
rameter distributions. There are two recent representative
publications on this topic. Rojas et al.” developed a method
of optimizing the worst case of modeling error over the pa-
rameter set, while a convex optimization algorithm is imple-
mented on a linear system. In conjunction, Welsh and Rojas4
proposed an algorithm to solve a robust optimal experiment
design problem by scenario approach. To construct convex
or semidefinite convex problems, both techniques formulate
the identification problem in frequency domain, but neither
of the methods can be used for identification in nonlinear
system. Moreover, the optimality objective function for non-
linear identification is generally difficult to be formulated as
a convex or semidefinite convex problem.

Another group of methods (especially popular in bio-
science fields) are experiment designs by optimizing over
the expected determinant of a Fisher information matrix
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(FIM). Pronzato and Walter,> and Walter and Pronzato® pro-
posed ED-optimal design and EID-optimal design as fol-
lows:

Definition 1 (Pronzato and Walter’). An experiment
design ¢gp is called ED-optimal if

Pgp = argmin Ey[f (M(0, ¢))] )
ped

Definition 2 (Walter and Pronzato®). An experiment
design @gp is called EID-optimal if

Qe = argmax Ey[1/f(M(0, ¢) &)

where ¢ is the experiment design, 0 is the estimate of
parameter, E is the expectation operation, M (0, ¢) is the Fisher
information matrix, and f = det()~ L.

Both of these two designs require prior knowledge of
unknown parameter distributions.” Because in practice the
prior parameter distributions and the expected value cannot
be easily obtained, these methods can only apply to models
with well-posed distributions.

Another solution is the adaptive design that is widely used
in engineering literature.A8 The adaptive design starts from a
nominal model guess (g, by which the design criterion
f(M(0o, @)) is optimized. Then, the experiment is conducted
for the next one or several samples and the model parameter
is identified. Afterward, the procedure iterates between
experiment design and parameter estimation. In linear sys-
tems where unbiased or asymptotic unbiased estimation can
be guaranteed, the adaptive design works well and eventu-
ally yields the optimal experimental condition for estimation.
However, this method will likely fail in the case of nonlinear
system identification under poor initial guess of the parame-
ters. The poor initial guess problem is not uncommon espe-
cially when we have little prior knowledge about the true
process in practice and is particularly harmful to the adaptive
design. Poor initial conditions induce the problems in the
following aspects:

The experiment design ¢* depends on the optimality crite-
rion:

¢" = argminf(M (0o, ¢)) 3)
ped

Under an initial guess 0y that is far away from the real pa-
rameter, a design ¢ is far from the optimal or may even be
very deviated from where a normal input signal should be;
therefore, improper experiment conditions will be designed
that may make the estimated parameter deviate further away
from the optimal in subsequent iterations. This is particularly
problematic for nonlinear systems.

Adaptive parameter estimation for nonlinear system can-
not guarantee the convergence. In fact, the parameter estima-
tor, typically an extended Kalman filter (EKF), is a local as-
ymptotic observer only when some conditions being met
such as the initial guess is near the true value or the system
itself has weak nonlinearity.9 Therefore, when the initial
guess of the model parameters is poor, the parameter estima-
tion through the EKF may diverge quickly.

Although there are numerous works on adaptive experi-
ment design, to the best of authors’ knowledge, none of
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them target solving poor initial condition problem. This
problem is the principal concern of this work.

The remainder of this article is organized as follows: Sec-
tion ‘“‘Preliminaries” discusses preliminaries. In section
“Receding-Horizon Experiment Design for Nonlinear System
with Poor Initial Conditions”, a new method is presented to
solve the receding-horizon experiment design problem with
poor initial conditions. To demonstrate the merits of the pro-
posed method, two nonlinear examples are presented in sec-
tion “Examples”. The last section concludes the article.

Preliminaries
Sensitivity analysis

The sensitivity analysis method has been well developed
over the last several decades'®; in system identification, it is
often used as a tool to assess estimability of parameters.
Such estimability is described as the ability to compute pa-
rameters accurately given data and experimental condi-
tions.'"'? Increasing parameter sensitivity corresponds to
better estimability. In optimal experiment design where we
seek to obtain the most informative data, sensitivity analysis
is particularly a valuable tool. Consider the system described
by the following state space model

xX(1) = f(x(r), u(2), 0) 4
y([) = h(x([)v u(t)v 0) 5

where x is the state, fis state function of the state itself, input «
and parameter 0, y is the output, and / is the output function.
For illustrative purposes, we assume this system has p
parameters, one state, one output, and y(f) = x(#). The
sensitivity is given by the following definition:

Definition 3 (Eslamil3). Consider the system in (4) and
(5). Assume that A0 is the parameter variation for . Sup-
pose that y(#;) changes to y(z;) +Ay(#) as 0 — 0 +A0, then
the sensitivity (primitive-sensitivity) function of y(z) in
terms of 0 is defined as the ratio of Ay(#;)/A0.

A sensitivity matrix can be computed as follows''

&| 0_y| . D

a0, 1t 00, 'ty 00, 1n
&| " :

7 — | 90 ln : : (6)
O_y.‘ O_y.‘
a0y Ity 00, lin

where #; to ty denote the start and end time of the experiment,
respectively.

As an example, consider a model with parameter nonli-
nearity12

Xt n

. _ ur 7
Xt 0,0, 0, @)
e =X (®)
The sensitivity matrix is calculated as'?
J (dx of  Of Ox
a0 (z) =90 " oxa0 ©)
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Figure 1. Sensitivities corresponding to different nomi-

nal values of parameters.

Blue solid line: initial values E£(0\”) = 1.2, E(0{”) = 0.0015;

red dash line: initial values E(A\”)=3,E(6) = 0.006.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Rearrange Eq. 9
d (0x of  Of Ox
N =t 10
m@& 20 " ax 00 (19)
Equation 10 is a differential equation from which the sen-
sitivity (% = % in this case) is calculated. Specifically

dfoxy _ x 1 (0x (11
dr \ 00, _9%02 0,0, \ 00,
dfoxy _x 1 [0y u (12)
dt 602 0165 0192 892 0%

Equation 11 shows that when calculating the sensitivity
matrix for models with parameters nonlinearity, parameters
themselves are needed and so is the input. For illustrative
purposes, Figure 1 shows that different nominal values of
0 can lead to quite different sensitivities with respect to
some parameters (0; in this case), which may induce signifi-
cant problems within the experiment design.

Information matrix

From Eq. 3, we know that the optimality criterion depends
on the FIM. A commonly used optimality criterion is

F(M(0o, @) = —log(det(M (0o, p))) (13)

whose property has been discussed by Goodwin and Payne.'
The relation between the sensitivity matrix and the FIM M is''

M=27Ts"1z (14)

where Z is sensitivity matrix defined in Eq. 6, and X is the
covariance matrix of output y. In the case of covariance scaled
response, Eq. 14 can be reduced to
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M=7'7 (15)

The advantage of the determinant criterion is its independ-
ence of the scaling of the parameters. This optimality crite-
rion also minimizes the generalized covariance of the param-
eters estimate. The Cramér-Rao inequality is given by

P =Cov(f) >M"' (16)

This inequality states that the inverse of the FIM acts as a
lower bound for covariance of parameter estimate. When
equality is satisfied, the estimator is said to be efficient.

For a class of unbiased estimators, the minimum variance
estimator is statistically efficient. For nonlinear models,
unbiased estimation has been widely known to be theoreti-
cally unapproachable. Song and Grizzle’ showed that EKF,
as a classical nonlinear approximation filter, can be an as-
ymptotic unbiased estimator, although certain conditions
such as a proper initial guess or a weak nonlinearity is
required to achieve convergence. Practically, EKF works
well in most nonlinear models.'* In this work, we follow the
principle that “maximizing the FIM corresponds to minimiz-
ing covariance of estimates,” as stated in most of the experi-
ment design methodologies. Therefore, the optimality crite-
rion in Eq. 13 is used for minimizing the covariance of 0.

Receding-Horizon Experiment Design for
Nonlinear System with Poor Initial Conditions

Because of the impact of poor initial conditions on nonlin-
ear system identification, it is desirable to derive a method
that is robust both in experiment design and parameter esti-
mation. From a practical point of view, among the three
methods—minimax design, ED (EID)-optimal, and adaptive
design—adaptive design is easiest to implement because of

Seek one steady state point

l

Build constraint based on knowledge at
this steady state point

l

Receding horizon design to get

u” = argmin f(M(8, u))

l

Parameters estimation with constraints

which derived already

Check if constrained estimate 8
is within satisfactory range

Figure 2. Flow diagram for proposed experiment
design.
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Figure 3. Receding-horizon design.

relatively small computation load and suitability for nonlin-
ear systems. As discussed in the introduction, the main prob-
lem with the adaptive design for nonlinear systems is the
poor initial values. We will develop a method that provides
a solution for dealing with poor initial conditions when
applying the adaptive design. The flow diagram of the pro-
posed experiment design is shown first in Figure 2, while the
details will be elaborated shortly.

Constructing constraints for parameters

The first step of the proposed design is to impose a con-
straint according to certain steady-state information. In some
cases, steady states can be known a priori, whereas in other
cases, a simple step test can help determine the steady states.
When a steady state is found, it will impose certain con-
straints on the model parameters. Depending on the charac-
teristics of the individual system, there are two ways to
derive the parameter constraints based on the knowledge of
steady states. The first method involves directly substituting
steady states into the state equation and then equating it to
zero. Suppose we have nonlinear state space equation as fol-
lows

xt:f(evxhuf)—i_Nwt (17)
Yr =X+ Ry, (18)

where w, ~ N(0,1,.), v ~ N (0,1,,), N stands for Gaussian
distribution, n, and n, are dimensions of x and y, respectively,
and N and R are constant matrices of appropriate dimensions.
The steady state is denoted as (xg,us). Substituting this steady-
state point into Eq. 17 gives

X = (0, x, us) (19)

Since x =0 at steady state, the following constraint is
established

8(0) =£(0,x5,us) =0 (20)

Another approach for specifying constraints is to approxi-
mate this nonlinear model at steady state by using a local
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linear model; these models can be identified by a linear iden-
tification algorithm around a steady-state point. For illustra-
tion purpose, the electronic circuit system as shown in (7) is
used to derive the parameter constraints. With perturbations
around a steady state, perform continuous-time system iden-
tification,"® and then the following model is identified

. Xt Uy
=— 21
M= T0.001783 T 1.1998 @b
Ve = Xt (22)
A constraint can therefore be set up as
0,0, = 0.001783 (23)

Note that because of unavoidable estimation error in iden-
tification, this constraint is an approximate one.

Obviously, additional steady states can be found from step
response tests. Notice that more constraints are incorporated,
the narrower range of parameter estimate can be. For simpli-
fication, we adopt only one constraint derived from one
steady state in the examples. For additional steady-state con-
ditions, the proposed algorithm can also be applied in the
same manner.

Receding-horizon design

Stigter et al.® proposed an adaptive approach for experi-
ment design with a receding-horizon idea. Jayasankar et al.'®
later formalized the design and called it as a receding-hori-
zon experiment design. In receding-horizon design, the opti-
mization is performed to obtain U according to the follow-
ing equation

Up = g Wespe =+ Wern—ap ] = afgf&igf(M(ek7Uk)) (24)
where U; is the optimal input vector containing
Mlt|k’MZ+1\k""’ult+h—1\k calculated at the kth time instant, A
is the optimization horizon, U is the feasible set which Uj
can be chosen from, f and M are explained in Eq. 13 and
14, respectively, and 0 is the parameter estimate at time
instant k.

The procedure of receding-horizon design is performed as
follows: solve the optimal design problem according to an
objective function such as Eq. 3 with the current estimate 0y
over a time horizon [k, k + h — 1] to get u,*dk till u,’\i+h7”k;
implement u;, = “Z\k and obtain the sampled output y,,; at
time instant #; this new measurement y;,; will be used to
update the current estimate from 0 to 01, and repeat the
optimal design procedure with this new estimate 6;,;. The
process is shown below in Figure 3 and will be adopted in
this article.

EKF with state constraint

The EKF is a classical state estimator for nonlinear sys-
tems. Parameters can also be estimated if we consider pa-
rameters as augmented states. As discussed before, reducing
Cov(0) is equivalent to increasing the information in the
data. Poor initial conditions can lead to poor experiment

DOI 10.1002/aic 2811



Table 1. Continuous-Discrete Extended Kalman Filter

Model x(1) = f(x(1),u(t), 1) + G(t)w(r), w(r) ~ N(0,0(1))
Yk = h(xp) + vive N(O.Ry)
Gain Ki = Py HE (%) [H (%7 )P HE (%) + Ry
H (X)) = g—’; .
Update X =X+ Kelye — h(x)]
P{ =1 — KeHe(X)Py
Propagation x(t) = f(R(0), u(t), 1)

P(1) = F(X(1),)P(t) + P())FT (X(1), 1)
+G(NQ(NG" (1)
FR(t),n =2

(1)

design as discussed before; therefore, it is natural to impose
constraints on the state estimations when using EKF so that
the experiment design and parameter estimation will not be
unduly influenced by poor initial parameters. Contributions
on constrained estimation can be found in Refs. 14, 17 and
18 In this work, EKF with equality constraints is adopted.
For illustration, suppose that we have a nonlinear system
with one continuous state and one discrete measurement

x=f(0,x,u) (25)

Vi = h(xy) (26)

In the following, parameters are considered as augmented
states. We use x to signify the state vector that includes pa-
rameters 0

X = [ﬂ 27)

The unconstrained continuous-discrete EKF is shown in
Table 1,' where & denotes unconstrained state estimate.

Consider that the model described by Eqs. 25 and 26 has
the following linear constraint

where D is s X n, dimensional matrix, and s stands for the
number of constraints, 7, stands for the number of states being
constrained, and d; is s x 1 vector. Thus, the problem
formulation admits inclusion of multiple constraints. More
constraints are incorporated, the narrower region of para-
meters, and more possible to converge to the true set of
parameters.

Based on basic equations shown in Table 1, Simon and
Chia'* derived the EKF with equality constraint as

%o = %o (29)
X=X — W DTOW D) (DR —d)  (30)

following the projection method, where W is any symmetric
positive-definite weighting matrix. In Egs. 29 and 30, we have
used X to denote constrained state estimate. Throughout the
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remainder of this article, a “A” denotes an unconstrained
estimate and a ‘“”’ denotes a constrained estimate, while a “*”
denotes an optimal. Usually, W is set as identity matrix / or
P~!, where P is the inverse of the covariance matrix for the
unconstrained estimate X obtained from Table 1.

In most nonlinear systems, the constraint is also nonlinear
as in Eq. 20. As an approximation, Eq. 20 can be linearized
around the current estimate X; as

g(Xp) + &' (Xi) (X1 —Xi) = 0 (31

Then, a linear constraint having the form of Eq. 28 is
obtained

8 (Xi)Xps1 ~ disr — 8(Xk) + & (X)X (32)

where ¢'(X;) is equivalent to D and d1 — g(X¢) + &' (X )Xk
equivalent to d in Eq. 28. Then, according to Eq. 29 and 30,
the constrained estimate becomes

Xo = X (33)

X1 =X — W X)) (¢ X)W g/ (X)) (8 (R R
—di1 +g(X) — & (X )Xk)  (34)

Note that both unscented kalman filter and moving hori-
zon estimation can be applied under this constrained frame-
work for parameter estimation. Their state estimation recur-
sion is analogous to that of constrained EKF.'®

Both adaptive experiment design and constrained estima-
tion have their own advantages, respectively. Adaptive
experiment design has low computation cost and is easy to
implement. Constraint estimation can improve the perform-
ance of estimation.'* However, neither one of them individu-
ally can address the nonlinear estimation problem under
poor initial conditions. In terms of constrained state estima-
tion itself, there is one major difference between Simon and
Chia’s,"* method and the proposed method. For the con-
strained EKF in the proposed method, each current X; is
involved in the kth step of recursive estimation, whereas in
Simon and Chia’s'* method this X; is obtained by projecting
the unconstrained estimate X into the constraint space, but
is not involved in the iterative framework of EKF for the
next state estimate.

With (33) and (34) being available, we use estimate X
instead of X in calculating optimality criterion, and this gives
us the optimal input #* for the constrained optimal design.
The following Proposition shows that the constrained design
achieves better estimation performance than that of uncon-
strained design in terms of variance of estimation.

Proposition 4. Denote the parameter estimation under
constraint optimal design as ((ii*) and the parameter estima-
tion under unconstrained optimal design as 0(ii*). Then, the
following inequality holds

Cov(A(it*)) > Cov(0(ii*)) (35)

Proof. For any input u, the error between the constrained
state estimate X, unconstrained state estimate X, and the true
state value X has the following relation'*
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Cov(x —X) < Cov(x —X) (36)

where the inequality in the form of A < B” indicates that the
square matrix B — A is positive definite. According to x defined
in Eq. 27, partition

A = Cov(x — X) — Cov(x — X) 37)
-[a ] )
Ay = Cov(x — %) — Cov(x — ¥) (39)

Ay = Cov(0 — 0) — Cov(0 — 0) (40)

Ap = Al (41)

=E[(x—2)(0 - 0] ~E[x—5)(0-0)]  (42)
The following equations hold

Cov(0 — ) = Cov(0) (43)

Cov (0 — 0) = Cov(0) (44)

As A is positive definite, Ay, is positive definite too, i.e.,
Az > 0. In view of (43) and (44), this means Vu

Cov(0(u)) > Cov(0(u)) (45)
where 0(u) [or 0(u)] elaborates that 0 (or 0) is an estimate
according to the input u. Therefore, the following two
inequalities should hold

Cov(0(i*)) > Cov((ii*)) (46)

Cov(0(i*)) > Cov(0(ii*)) (47)

where each term represents a different experiment design
scheme explained as follows: .
Cov(0(i*)): covariance of unconstrained estimate 0 with the
optimal input #* based on unconstrained design;
Cov(0(i*)): covariance of constrained estimate 0 with the
optimal input &* based on unconstrained design;
Cov(0(i*)): covariance of unconstrained estimate 0 with the
optimal input #* based on constrained design; and _
Cov(0(a*)): covariance of constrained estimate 0 with the
optimal input #* based on constrained design. .

Among these four covariances, only Cov(0(4")) and
Cov(6(i*)) are the covariance of the adaptive optimal design
schemes without and with constraints, respectively. By opti-
mal design, the following inequalities should hold

Cov(0(a*)) > Cov(0(i")) (48)
Cov(0(i*)) > Cov(0(ii*)) (49)
From (46) and (49), we obtain the following result
Cov(A(it*)) > Cov(0(ii*)) (50)
O
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Effect of constraints on convergence

In Proposition 4, we show that the estimation covariance
with the optimal input #* obtained from the proposed con-
strained receding-horizon design (CRHD) is superior to the
one with input * obtained from unconstrained receding-hori-
zon design (URHD) where the constraint is referred to the
constraint on the parameters. In this section, we shall discuss
performance in terms of convergence.

Lemma 1° in the appendices provides a condition for the
existence of M iterations after which the estimation can
asymptotically converge to the true value in unconstrained
case. For constrained case, the number M can be proven to
be smaller than that in unconstrained case. In other words,
imposing constraints will improve the convergency property.
This is shown in Proposition 5 along with its proof in the
Appendices.

Remark 1. The poor initial guess can cause problems in
parameter estimation including large variance and slow con-
vergence speed. Most of the experiment design algorithms
including D-optimality aim at reducing the covariance (var-
iance) of the parameter only. Imposing constraints obviously
restricts space of the parameters searching and thus reduces
the risk of divergence. As shown in the Proposition 4 in the
previous subsection and Proposition 5 in the Appendices,
imposing constrains not only improves convergence but also
reduces estimation variance.

Uncertainty in constraint

However, there will also be downside of introducing
constraint if the constraint is not accurate. Constraint can
be corrupted with some uncertainties due to, for example,
identification error. This uncertainty in the constraint will
lead to an asymptotic bias in the estimation. Take the
electrical circuit system in (7) as an example. The con-
straint as shown in Eq. 23, which is obtained from identi-
fication, contains error as the ideal value for the product
of 0; and 0, should be 0.0018. Therefore, if this inaccu-
rate constraint is imposed throughout the whole experiment
design and estimation procedure, the convergence of the
parameters estimation to the true values will not be possi-
ble owing to the inaccurate constraint. To circumvent this
problem, one natural option is to release the constraint
after certain number of iterations. However, too few steps
of estimation with the constraint will not serve the pur-
pose of reducing the effect of poor initial value either.
Thus, there is a tradeoff in choosing a proper iteration
number between improving the convergence and reducing
the estimation bias. The proposition 5 in Appendices has
shown that there exists an integer M that constitutes a
lower bound on the number of iterations, after which the
iteration will converge. This provides a theoretical justifi-
cation to release constraints after certain steps of itera-
tions.

Remark 2. In practice, to determine when to release the
constraints is not difficult. For example, after the estimated
parameters have converged within some tolerance, the con-
straints can be removed and continue for a few more itera-
tions of estimation until further convergence to eliminate
possible bias due to inaccurate constraints.

DOI 10.1002/aic 2813
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Figure 4. Estimate for parameter 6, with deviation (N = 4).

Green: estimation with three-level PRS; blue: unconstraint
estimation; red: constraint estimation; dash: standard devia-
tion; and straight black: true value of 0;. [Color figure can
be viewed in the online issue, which is available at wiley
onlinelibrary.com.]

Examples

In this section, two examples are discussed, one with pa-
rameter nonlinearity only, and the other with nonlinearity in
both parameters and input. The second example demon-
strates the reduction in variance by constrained estimation.
From both examples, we can see the advantage of the pro-
posed method in dealing with the poor initial value problem.

The electrical circuit system

The circuit system represented by (7) and (8) is a fast
dynamic system with nonlinearity in parameters12 only. As
illustrated in the previous sections, poor initial guess may
lead to estimation problems. In this simulation, a poor initial
guess is chosen with E(0\”) =3, E(0Y)) = 0006, while the
true value is 6, = 1.2, 6, = 0.0015.

The efficiencies of the multilevel pseudo-random sequen-
ces (MLPRSs), unconstrained receding-horizon design
(URHD), as well as the proposed constrained receding-hori-
zon design (CRHD) are compared in this example. The ef-
ficiency discussed in the following contains two aspects: ef-
ficiency of identification and design cost. We will show the
identification result under poor initial conditions through
the following aspects: the error between the final estimate
and the true value, the convergence rate, the standard devi-
ation of each parameter estimate, and the optimality objec-
tive function value achieved.

Comparison of simulation results using different
design algorithms

MLPRSs are considered as a common input to stimulate a
nonlinear system. In this example, we perturb the system by
a three-level MLPRS with the values from 2 to 4. The stand-
ard deviations for the estimation results in this article are
obtained from 30 simulations.
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The receding-horizon design has been illustrated in section
“Receding-Horizon Experiment Design for Nonlinear System
with Poor Initial Conditions.” The horizon length is set as N = 4.

From Figures 4 and 5, one can see that the proposed
CRHD outperforms URHD and MLPRSs in terms of conver-
gence to the true values in the presence of poor initialized
conditions. Because 0, has larger sensitivity than 0y, the con-
strained estimation is more “effective” in 0,. For the case of
unconstrained design, 0, does not converge. Moreover, one
can see from Figure 6 that the constrained design can
achieve much smaller objective function value than that of
unconstrained design.

CSTR with jacket dynamics

In this example, a continuously stirred tank reactor
(CSTR) is used to demonstrate the proposed method when
applied to nonlinear chemical processes. The first-order,
exothermic reaction A — B without recycle is described as

follows
¢ ———(Cf—c)—k expl —\ 5 /T C (51)
A % A A 0 R A

 q AH E UA
T==—(T -T —k —(—=)/T T.—T
20 -1)+ S esn (= (3) /7 )en+ e (=)

(52)

There are totally eight parameters with two states. The
description and nominal value of each parameter are shown
in Table 2.%°

The two states are concentration of component A, c, and
temperature 7. The temperature of cooling jacket T, is con-
sidered as an input.

Estimation of 92

0.015

0.01

0.005

5 A N W A NS N N .
60 70 80 90 100

Figure 5. Estimate for parameter 0, with deviation (N = 4).

Green: estimation with three-level PRS; blue: unconstraint
estimation; red: constraint estimation; dash: standard devia-
tion; straight black: true value of 0,. [Color figure can be
viewed in the online issue, which is available at wileyon
linelibrary.com.]

October 2011 Vol. 57, No. 10 AIChE Journal



x107° Objective function value

0.2F o com e it . - i i

0 10 20 30 40 50 60 70 80 90 100

Figure 6. Optimality objective function value.

Upper blue: unconstrained design; bottom red: constrained design;
and dash: standard deviation. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

Among the large number of parameters shown in Table 2,
some are easier to estimate than the others. According to the
analysis obtained by Chu et al.,>' the fluid density p and the
pre-exponential factor ko, have larger sensitivities where as
activation energy E/R has smaller sensitivity. In the follow-
ing simulations, both easier-to-estimate and harder-to-esti-
mate sets of parameters are tested using the proposed
method.

From a preliminary steady-state test, this CSTR can be
determined to have one steady-state point at ¢, = 0.9519 and
T = 312.7 when the cooling jacket 7. = 290. Substituting this
steady-state point into Eq. 52, the constraint equation for each
pair of parameters is obtained. To deal with the uncertainty in
the constraint, one can release the constraint after some num-
ber of iterations as stated in the previous section.

Estimation of p and k,

We start the initial guess of these two easier-to-estimate
parameters from relatively poor condition: E(p) = 1000,a(p)

Table 2. Parameters in CSTR

Parameter Symbol Value

Density of A-B mixture (kg/m3) p 1000
Pre-exponential factor s™hH ko 7.2 x 10'°
Volumetric flowrate (m3/s) q 100
Volume of CSTR (m?) 1% 100
Heat capacity of A-B mixture (J/kg K) Cp 0.239
Heat of reaction for A-;B (J/mol) AH 5 x 10*
U - overall heat transfer coefficient UA 5 x 10*

(W/m* K)
A - Area this value is specific for

the U calculation (m°)
Feed concentration (mol/m3) ci 1
Feed temperature (K) T 350
E - Activation energy in the Arrhenius % 8750

equation (J/mol)
R - Universal gas constant = 8.31451
(J/mol / K)
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Figure 7. Estimate for p with deviation.

Upper blue: unconstraint estimation; bottom red: constraint
estimation; dash: standard deviation; and straight black: true
value of p. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]

= 50, E(kg) = 7.3 x 10", and a(ky) = 1 x 10°, where ¢ is
standard deviation.

The parameters estimation result is shown in Figures 7 and 8.

From Figures 7 and 8, one can observe the notable differ-
ence between constrained design (constraint is implemented
throughout the whole estimation) and unconstrained design
in terms of the estimation error and the variance of parame-
ters. This result is consistent with previous simulation
example.

As stated before, the steady-state information in this
example obtained from step test may not be accurate. In
ideal case, the following equation holds

g(0°,:%,u%) =0 (53)

s

10 Estimation of ku

7.5 T T T T T T T T T

L o S e S e e

0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 8. Estimate for k, with deviation.

Upper blue: unconstraint estimation; bottom red: constraint

estimation; dash: standard deviation; and straight black: true

value of kq. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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Figure 9. Estimation for parameter k, under different K.

The number of time steps when constraints implemented.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

where (x,u0) is the ideal steady-state point. However, without
knowing (x,u?), (%,4°) will be used in the constraint
equation. Therefore, the following equation is obtained

gA(07fsaﬂs) =0 (54)
Indeed, the error has been introduced into the constraint
because of the inaccurate steady-state information. Substitute

(%, 4°) into the constraint equation with true parameters, the
following equation holds

g(0°, %, iis) = —964364 +# 0 (55)

From Eq. 55, one can see that there is an error in the con-
straint equation. This reflects in Figure 9 that the bias

Estimation of concentration Ca

1 T T T T T T T T T

0.85 L L L L L L L . L
0 50 100 150 200 250 300 350 400 450 500

Time
Estimation of temperature T
330 T T T T T T T T T

315 1

310 4

305 " L . L L L s L L
0 50 100 150 200 250 300 350 400 450 500
Time

Figure 10. Estimate for c, (top) and T (bottom)

Black: true state value; blue: unconstrained design; and red
dash: constrained design. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]
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Figure 11. Estimate for p with deviation.

Upper blue: unconstraint estimation; bottom red: constraint
estimation; dash: standard deviation; and straight black:
true value of p. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

appears when the constraint is imposed throughout the esti-
mation procedure (K = 200). This is consistent with the
analysis in section ‘“Receding-Horizon Experiment Design
for Nonlinear System with Poor Initial Conditions.” Results
of releasing the imprecise constraint after different iterations
K are shown in Figure 9 from which one can find that a
value of M within the range from 30 to 50.

Because states and parameters are estimated simultane-
ously, we can also verify the estimate of the states ¢, and T
to see whether the proposed method shows any advantage.

As shown in Figure 10, the state estimation by constrained
design is closest to the true state.

Estimation of E/R
8762 T T T T T

8760 ‘

87588 -

8756 |

8754| -

8752 -

8750

8748 i i i i i
0 50 100 150 200 250 300
Time

Figure 12. Estimate for E/R with deviation.

Upper blue: unconstraint estimation; bottom red: constraint
estimation; dash: standard deviation; and straight black:
true value of E/R. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]
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Figure 13. Estimation of state.

Black: true value of state; blue: unconstrained design; red
dash: constrained design; upper subplot: estimate of C,; and
bottom subplot: estimate of 7. [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.com.]

Estimation of p and E/R

Compared to the first set of parameters, this is a set of
harder-to-estimate parameters. The initial guesses for the
pair of parameters p and E/R are chosen as follows: E(p) =
1025, and E(E/R) = 8755. For this set of parameters, con-
straint is released after 150 iterations. The estimation results
are shown in Figures 11 and 12.

From Figures 11 and 12, we can see that both estimated pa-
rameters converge to the true values by constrained design but
fail to converge with unconstrained design. Moreover, from
Figure 13, one can see that the constrained design estimate is
closer to the true value comparing to unconstrained design.

Conclusion

A constrained receding-horizon approach for nonlinear
dynamic experiment design and parameters estimation was pre-
sented, with the purpose of solving problems brought out by
poor initial condition. The proposed method incorporated experi-
ment design based on sensitivity analysis and constrained param-
eter estimation. It is shown that the steady-state condition can be
used to form the constraint. It is suggested that when the con-
straint is not exact, the constraint should be used only for a few
iterations in the beginning of the experiment design and parame-
ter estimation and then release after certain steps.

Integration of adaptive experiment design and parameter esti-
mation with constraint proves to be efficient and superior to the
unconstrained design. Two simulation examples are used to
demonstrate the advantage achieved by the proposed method.
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Appendix

Lemma 1 (Observability condition).

Suppose that a nonlinear system described by Egs. Al and

A2 where w, and v, are state noise and output noise, respec-
tively, has the constraint function g(0) = 0

X = f(0,x:,u;) + Nw, (A1)

yi = h(x;) + Rv, (A2)

which satisfies the observability rank condition on a compact
subset K C R" (n is the dimension of state). If the estimates of
the EKF are sufficiently close to the true state, then the linear-
ized system along the estimated trajectory of the EKF is uni-
formly observable; i.e., there exist )y, 72, 1 <71 < 95 < 00, and
d; > 0 such that
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pd <OT(X, |, X ,)0.X, 1, X ,) <yl (A3)

n—1s n—1:
for all x; € K such that Ix;, — x) <9,/ =0,...,n — 1, and
all xf € K such that I)c;r —x1 <6,,j=0,..,n— 2, and for
each xo € K, where x,,y = fix), | = 0,..., n — 2,

— —_ - A (X3 k2] e "
X,_ I—(XO,...,xnfl), X =0, Xt ,). =" and <+
denote ‘““a priori” and “‘posterior,” respectively.
Assumption 2.

1. A(x) 2 % (x) is invertible at each x € R".
2. The following norms are bounded
A 1 A -1
AJl = sup [[AQ)[l,  [[A7[] = sup [[[A)] ][, (A4)
xeR? xeR?
A 1 Oh A
||H]| = sup ‘R Lol D= sup D% (), (AS)
XER" X XER"
A
11D?A][| = sup [[ID*A()]l| (A6)
XER"

3. Let g(x,y) = h( ) —h(y) =% (x)(x— y), and suppose
that there exists ¢ < oo such that Ig(x hl||le — yi
for all x,yeR".
Lemma 3 (Asymptotic observer).

Consider the system in Eqs. Al and A2 and the EKF

framework for the associated noise system. Suppose that

Assumption 2 holds. Then, if legl, , and I|D*fl]| are
such that for some y > 0
1L
o(@V3(0, co), [IIDAN MDD < = (AD)

where e; = x; — x;; p, and ¢ are the corresponding bounda-
ries for error covariance, i.e.,

1P: Il < po (A8)
- - A
1P < IPE I+ HIP <pr+[HIP2p  (A9)
PN < 1IPEI < g (A10)
_ A
gllH||IIR|* = 6 (Al1)
and the following equations are set as follows
V(k,er) = e, Py ey (A12)
A 1
dllexl. X, Y) = 0gY[|Al[ +5X(pg + og¥[ex])”  (AI3)
A 1
o(lex], X, Y) = —@+plek|¢(\ekl,X, Y){2pqllAl|
+ (el . X Y)lex|}  (Al4)

Then the EKF for the noisy system is a local, uniform
asymptotic observer for the system in Eqs. Al and A2.
Lemma 4. _

Let O be a convex compact subset of R", O the complement of
O, and ¢ > 0 a positive constant. Define d(x,O) =
inf{lx —y[:y€ O}, and O, = {x € O:d(x,0)>¢}. Also,
assume that

2818 DOI 10.1002/aic
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o =[NP+ AP+ A+ + [AIP"Y) (A1)
% = Amin(NNT) (A16)
a =max(1, ||A]]) (A17)

k

Be = (1+||Pg |llIDAI)a* T {1 + DAl

=1
< [AIPP |1+ INIPQAIP Y + AP -+ 1))
(A18)

Consider the system in Eqs. Al and A2 as well as its associ-
ated EKF. Suppose that the system satisfies the observablllty
rank condition on a convex compact set O, and that [ }_ exists
at each x € 0. Let d; > 0 be a constant which satisfies the in-

equality in Eq. A3 for some 0 <y; < y,. Let p = (7, —}—7'2),
q = (@ + ) + |IV|”. Let 6, > 0 be such that
¢((pq)'"*6, IIID*1|1, 1D*I[]) < — (A19)

for some y > 0, where ¢ is defined in Eq. Al4. Let M be
such an integer that when iteration number k < M,

[1+ (qlIAII* + [INIP)IDAIP]A]I(1 + gD )
2\ /2
><(1 _1L7) (pg)"* > 1 (A20)

while when £k > M

[1+ (qlIA[* + |INI*)|IDAIP]IIA]I(1 + g|| DA )
k/2
(1 *-) (pg)'*<1

Suppose further that x;, € O,, k > 0, for some ¢ > 0, and
that |eg| < T +M 7 with § = min(e/2, 6, d>). Then, we have
the following result:

Ly —x 1 < and bl — gl <6, Vk > 0.

2. The linearized system around x; and x;, ie.,
Zipl = g{ (xj)z;, Ve = ?}x (7 )zx, satisfies the observabil-
ity condition in Eq. A3 for k > n — 1. Thus, there
exist ¢ < oo, p < oo such that ||P; || < g, and ||P |
<p,Vk>n-—1.

3. The error is bounded by ¢ and converges to zero, i.e.,
for k < n — 1, lggl < o, and for k > n — 1,
lex| < min(8, (1= 2“7 D2(pg)'25).

Note: (a) To satisfy the observability condition, it is neces-
sary to keep the estimates x;” and x,f near x; for 0 < k <n +
M — 1, thus requiring a good initial guess. (b) We also need to
have a converging period (n — 1 < k <n + M — 1) for the
EKF to build up the observability condition; after this, the
recursions proceed automatically.

Proposition 5.

Let M be the value of M when there is no constraint and
M be the value of M when there is constraint. Then, the fol-
lowing inequality holds

(A21)

M<M (A22)

Proof: The condition for existence of M is that there exist
y1 and 9, such that the following inequality holds
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nl < 0p(X;

n—17

X, 2)0e(X, 1. X,

n-1:X2) Sl (A23)

X ) XS RO, ,xt,). n s the
dimension of the state. “—” and “+” denote “a priori”
(predicted state) and “posterior” (updated state), respec-
tively. The observability matrix O, in Eq. A23 can be
derived by using Lie derivative

oA, -
where X, | =(xy,...,x

ox
O, (xy , X7 %5, X5, x]) = 91 (xy (A24)
of

(A25)
5 (9)ACTAGG)

where & is the function defined in (5) and A :% is the
linearized system function. For Eq. A23 to hold, the bounda-
res p; and 9, on (X, . X ,)0T(X, ,,X,)
O.(X, ;,X,",) (cf. Eq. A3 in Appendix for detail) should
exist.

Define that the “a priori” estimate x~ is within the range
x~<x <X, the posteriori estimate xt is within the range
xT < xT < x". The boundaries of J, (if exist) in Eq. A23
can be defined by

P = min Jmin{Je } (A26)
X <x <X
-§+ S x+ S X+

Yo = max  Amax{Je} (A27)
X <x <X
)_C+ S x+ g )f+

where / is the eigenvalue of J,.
With the constraint being imposed, the new boundaries
with the constraints can be defined by

Y= min Amin{Je } (A28)
X <x <X
)7(+ < x+ < xt
g(0)=0
Yy = max Amax{Je } (A29)
X <x <X
£+ S x+ S )f+
g(0)=0

Clearly, the boundaries of J, with constraints will be
tighter than the ones without constraint, i.e.,

N<Hh<n<h (A30)
Let M be such an integer that when iteration number K <
M (cf. Eq. A20; Ref. 9), the following inequality holds
2 2 2 2
[1+ (qllA]]" + IN[IDDAI AL + gl IDA][")

x (1 fg)K/z(pq)l/z >1 (A31)

and for K > M (cf. Eq. A21; Ref. 9), inequality Eq. A32 holds
2 2 2 2
[T+ (qllAI" + [INIIDDAITIANIT + gl DA[7)

x (1= ) 0pg) P <1 (a%2)
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where the covariance boundaries p and ¢ are defined as fol-
lows (cf. Lemma 39)

1PE1 < py (A33)

_-1 —1 A
WPe < IPE I+ IHIP <pi+IHIP 2 p (A34)
IPEI<1IPEI < q (A35)

Here, P; and P} denote covariance of “a priori” (pre-
dicted;) and “‘posterior” (updated) state estimate, respec-
tively; N is the noise matrix in system equation (Eq. Al);
|A|l is defined as ||A|| sup,cpn |A(x)]] (cf. Assumption 2;
Ref. 9); h is the output function in Eq. A2, while Dh is the de-
rivative of h(x); y is defined through ¢(q2V3(0, o), |||D?f]||,
ID?A|]) < =7 (cf. Lemma 3).

According to Eq. A32, to ensure convergence after M iter-
ations, the following inequality must hold

[1+ (qlIAI[* + [INIP)IDAIP]A]I(1 + gD )

x (1= )" (pg) <1 (A36)

Let the covariance boundaries p and ¢ satisty the follow-
ing equations (cf. Lemma 4; Ref. 9)

1
D= (V2+a—2>

1
q:aZ(al *Z) P

(A37)

(A38)

where oy, o, and a are defined by the following equations
(cf. Lemma 4; Ref. 9),

o = [INIP(L+ AP + AT + -+ A7) (A39)
Oy = /Imin(NNT) (A40)
0y = /Imin(NNT) (A41)

Denote p, ¢ as the covariance boundaries corresponding to
7; and 7, when no constraints are imposed, while p, g be the
covariance boundaries corresponding to 9, and j, when con-
straints are imposed. From Eqs. A30, A37, and A38, we have

P<p (A42)
4<4q (A43)

Thus

~ 2 2 2 ~ 2 2 2
L+ (qlA[l" + [INIDIPA]" < 1+ (gllAl" + [IN1IP) DA

(A44)
1+ |[Dh|[> < 1+ 4||Dh|? (A45)
$q)"* < (pg)" (A46)

Notice that here in Eq. A36, ||A||, ||N||, and ||DA|| are fixed
once the system is given. Define p as
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2 2 2 2 2
= [1+ (qllAI]* + NI [DAIP)A] (1 + qllDAI) (pa)
(A47)
Using Eqs. A44-A47, we have

< fi (A48)

where i is defined when p and ¢ are used in Eq. A47; i is
defined when p and ¢ are used in Eq. A47.

Considering Eq. A36 and the definition of u in Eq. A47,
one can obtain the following inequalities

(A49)

(A50)

In addition, we have gl — Ig) < 1 and g > 1, which can be
inferred from Lemma 4°. Take logarithm from both sides of
(A49) and (A50), it follows clearly that

- 1
M > 2log s

- (A51)
"R

- 1
M > 2log( s = (A52)
P '[,[
From (A42) and Eq. A48, we have
(1-1)<(1-2) (A53)
14 4

11
—>= (A54)

uoou

From the monotony of logarithm with the base less than
1, one can get the following inequality

—_

log(lﬂ,_;‘)ﬁ < 10g(17;-;) < 10g(17}§) (AS5)

= —
= -

This leads to
M<M (A56)

where the equality holds only when equalities hold in Eq.
A30. |
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